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Capacitance Computation for CPW Discontinuities
with Finite Metallization Thickness
by Hybrid Finite-Element Method

Chien-Wen Chiu and Ruey-Beei Wu,Member, IEEE

Abstract—A variational equation is derived for the capacitances
of coplanar waveguide (CPW) structures with finite metallization
thickness. The equation is expressed in terms of the static poten-
tial in the slot region and is solved by applying the hybrid finite-
element method (FEM). In case of small metallization thickness,
it is reduced to a perturbation formula for the incremental
capacitances. Numerical results for the equivalent capacitances
of various discontinuities with finite metallization thickness are
presented and compared with measured data. The reasonable
agreement between the measured data and the theoretical results
validates the present approach. Being simple and computationally
efficient, the method is suitable to deal with extensive CPW
discontinuity problems where the metallization thickness is not
negligible.

Index Terms— Capacitance, coplanar waveguides,
finite-element method (FEM), transmission-line discontinuities.

I. INTRODUCTION

T HE COPLANAR waveguide (CPW), which offers some
advantages over the conventional microstrip line, has

become an alternate in the design of monolithic microwave
integrated circuit (MMIC) devices. Its planar dimension can
be shrunken substantially while maintaining the propagation
characteristics, which depend mainly on the strip-to-slot-width
ratio. Comparatively, the effects of the metallization thickness
are not negligible and should be taken into account. As sub-
micron IC technology develops, it will soon become common
that the metallization thickness is comparable to, or even larger
than, the width.

Recently, several papers have been presented to charac-
terize CPW discontinuity structures with finite metallization
thickness [1]–[6]. Although able to include some dispersive
characteristics of CPW discontinuities, these full-wave meth-
ods are, in general, quite time consuming. As a result, the
numerical analysis does not allow sufficient cell division
for satisfactory convergency. Moreover, the calculated results
reveal that the dispersion of CPW structures is much smaller
than that of the microstrip. By a survey of the literature, it
is found that the error due to the neglect of dispersion is,
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in general, smaller than 5% over the frequency band up to
70 GHz for common CPW structures with a line dimension
smaller than 100 m [3], [7]–[9]. Ironically, there are examples
showing that insufficient cell division and poor convergency
in the full-wave analyses may result in larger error than the
negligence of dispersion in the quasi-static approximation.

Being direct in extracting element values of equivalent
circuit models, analyses based on the quasi-static approxima-
tion have been employed to deal with CPW discontinuities.
Naghedet al.applied the three-dimensional (3-D) finite differ-
ence method (FDM) to calculate equivalent capacitances and
inductances of various CPW discontinuities [10], [11]. The
FDM calls for the solution of the field distribution at the grid
points of the 3-D space such that it may exhaust the available
computation memory but still have an insufficient amount of
resolution to model the field in the slot region, which is of
essential concern. To alleviate the computation load, a new
methodology which requires only the solution for the field
distribution on the slot aperture of the metallization plane
was proposed to calculate the capacitances and inductances
of CPW structures with zero thickness [12], [13]. Being very
economical in memory usage, it allows an increase of the
resolution in mesh division until satisfactory convergence
has been reached. The methodology has been found very
successful in the design and simulation of complicated CPW
circuits, such as bandpass filters [14].

This paper generalizes the methodology to the capacitance
computation for CPW structures with finite metallization thick-
ness. The variational equation in terms of the scalar potential
distribution in the slot region is derived in Section II. It is
solved by applying the hybrid finite-element method (FEM).
In the case of small metallization thickness, the equation is
reduced to a simple perturbation formula for the incremental
capacitances in Section III. The hybrid FEM is applied to deal
with uniform CPW and open-end discontinuity in Section IV.
The results are compared with those predicted by the perturba-
tion formula to depict the applicable range of the perturbation
analysis. Numerical results for extensive CPW discontinuities
based on the perturbation formula are presented in Section V.
Finally, brief conclusions are drawn in Section VI.

II. V ARIATIONAL EQUATION FOR CPW CAPACITANCE

Fig. 1 shows the cross section of CPW structures with finite
conductor thickness. Under the quasi-static model, the CPW
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Fig. 1. Cross section of CPW structures with finite metallization thicknesst.

capacitance can be found from the total stored electrical
energy in the whole space. It is a variational formula for
capacitance if a unit voltage drop is
impressed between the central signal strip and grounds.

Consider a general 3-D CPW discontinuity structure with
the cross section shown in Fig. 1. The whole space can be
divided into the upper space , the lower space , and the
slot region . The total electric energy is

(1)

where and are the electric energy stored in the upper
and lower regions, respectively.

Introducing a vector electric potential and following a
similar derivation procedure in [12], the stored energy
and can be related to the scalar potential on the slot
apertures and by [12, eq. (7)]. Hence, the total electric
energy can be expressed in terms of the scalar potential

, by

(2)

where and are the space-domain Green’s function for
the upper and lower spaces, respectively [12], anddenotes
the position vector in the - plane.

It is well known that the variational equation (2) can be
solved by applying the Ritz procedure. Consider a general 3-D
structure with the cross section shown in Fig. 1. In applying
the Ritz procedure, the first step is to choose a basis for the
unknown potential distribution ( , , ). In the light of the
FEM [15], the solution region is divided into a lot of small
rectangular prisms, the so-called finite elements. The potential
distribution ( , , ) over each element, say the one shown in
Fig. 2, can be modeled as a linear combination of first-order
shape functions. For example, the first-order shape function
for node 1 shown in Fig. 2 is

(3)

Fig. 2. A typical element used for scalar potential modeling.

Note that this shape function takes on valueat node 1, and
at all other nodes. Then, over this element

is defined
as

(4)

It deserves mentioning that the present approach can be applied
to deal with complicated CPW discontinuities of arbitrary
shape. One need only employ more general hexahedral ele-
ments, for which the shape functions are available in textbooks
on FEM, (e.g., [16]).

Substituting (4) into (2), the Ritz procedure is applied for
solving the variational equation for the unknown nodal values

’s. As the impressed voltage is known at the nodes on the
boundary of the slot regions, the internal node, and then
the capacitance, can be obtained from that equation. Thus, the
equivalent capacitance of CPW discontinuity can be extracted.

III. PERTURBATION ANALYSIS

Although capable of treating CPW structures with finite
metallization thickness, the hybrid FEM analysis for solving
the 3-D is numerically intensive. The
time-consuming analysis is not indispensable in tackling those
complicated 3-D problems.

In some MMIC applications, the thicknessis small, though
not negligible as compared with the slot width. Treating it as a
perturbation, the capacitance can be written as ,
where is the capacitance obtained at a zero-thickness limit.
That is,

(5)

where as and denotes the scalar
potential on the slot surface in the zero-thickness limit.
denotes the per-unit-thickness incremental capacitance due to
the stored energy in the slot region. It can be expressed as

(6)
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Fig. 3. Effect of finite metallization thickness on the effective dielectric
constant�e� . Comparison between the calculated results (the solid curves)
and those in [18] (cross points).

Fig. 4. The incremental capacitance ratio of a uniform CPW versus metal-
lization thicknesst=w.

The Ritz procedure can be applied toward solving the varia-
tional equation (5) for the unknown scalar potential and

the capacitance [12]. Note that is a two-dimensional
(2-D) field and the numerical solution is much simpler. Then,

could be used to directly evaluate the incremental
capacitance by (6). Numerical analyses for uniform CPW
transmission-line and open-end discontinuity show that the
second term in the right side of (6) is negligible as compared
with the first term. Finally, the equivalent capacitances of
CPW structures with finite metallization thickness could be
estimated from the perturbation formula .

IV. NUMERICAL RESULTS FORHYBRID

FEM AND PERTURBATION FORMULA

In the numerical computation, the mesh division is chosen to
be nonuniform in both - and -directions using the sinusoidal
scheme [17], while uniform in the -direction. Numerical
tests have been conducted by increasing the number of cells
in each direction to assure that satisfactory convergency has
been achieved. Fig. 3 shows the effects of finite metallization
thickness on the effective dielectric constant of a

Fig. 5. The incremental equivalent capacitance ratio of open-end disconti-
nuity versust=w.

Fig. 6. Calculated effective length extension of open-end CPW by
quasi-static approximation as compared to those by FDFD [3] with
metallization thicknesst = 3 �m.

uniform CPW. The results by the hybrid FEM are presented
and compared with those in [18]. Agreement between these
results is observed with some difference. This difference may
be contributed to the inaccurate modeling for the singularities
of the field near the edge in both methods and the slow
convergence of the series expression for the Green’s function
in [18].

Fig. 4 shows the incremental capacitance ratio of a uniform
CPW versus with as a parameter. The solid and
dashed curves stand for the results obtained by the finite
element and perturbation analyses, respectively. It is worth
noting that the contribution of the second term in the right-
hand side (RHS) of (6) can be neglected since the longitudinal
component of the electric field is much smaller than the
transverse component. In the case of thick metallization, the
incremental capacitance tends to be that between the two
parallel sides of the slot. The propagation characteristics are
hybrid of the CPW and parallel plate modes. In the case of
small metallization thickness, say , the perturbation
analysis is found to yield satisfactory results and the error lies
below 0.5% of .
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(a) (b)

(c)

Fig. 7. (a) Metallization plane of a typical CPW discontinuity. (b) Its equivalent capacitance circuit, and (c) two auxiliary structures.

Fig. 5 shows the incremental capacitance ratio of an open-
end discontinuity versus with central conductor width
and gap width as parameters. The extraction scheme for the
equivalent capacitance of open-end discontinuity from the 3-D
capacitance can be referred to in [12]. The calculated results
show that the increment of the open-end capacitance due to
metallization thickness is below 10% in a MMIC structure.
In case of thickness ratio , the increment is about
3.5%. It is found that the effect of finite metallization thickness
on the equivalent capacitance is not significant and can be
approximately evaluated by using the perturbation formula in
typical MMIC cases.

Fig. 6 compares the results based on the hybrid FEM
and those by using the finite difference frequency domain
(FDFD) method [3]. The equivalent length extension of an
open-end discontinuity is defined as where is the
transmission-line capacitance of uniform CPW. The results
by these two method exhibit a similar tendency, but the
comparison shows a noticeable discrepancy. This discrepancy
may be partly due to the error in extracting the capacitances
by using the FDM. It has been recently demonstrated that
the capacitance calculated by the FDM with a reasonable-

TABLE I
COMPARISON OF CPW CHARACTERISTIC IMPEDENCE

CALCUALTED BY FDM, CMM, AND THE PRESENT FEM

Thickness FDM Improved
FDM

CMM FEM

t = 0 46.01 48.20 49.74 49.65
t = 3 41.35 42.65 44.00 43.73

s = 15 �m, �r = 12:9, h = 200 �m

sized grid may be of considerable error. For example, Table
I compares the characteristic impedance of uniform CPW
calculated by a conventional FDM, improved FDM, conformal
mapping method (CMM) and the present FEM, where the
FDM results are extracted from [19, Figs. 4 and 5]. The error
of the results obtained by conventional FDM employed in [3]
is found to be 10%–20% (i.e., the same order of that depicted
in Fig. 6).

V. COMPUTATION FOR VARIOUS CPW DISCONTINUITIES

In case of small metallization thickness, e.g. , the
variational equation (5) at the zero thickness limit can be easily
applied to solve the CPW discontinuity with more complicated
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geometric configuration. Then, (6) is used to predict the finite
metallization thickness effect. The approach is useful and
beneficial to deal with general CPW discontinuities which have
more than one output port. However, the extraction scheme for
the equivalent capacitance is different from that proposed in
[12]. It is briefly described as follows.

Consider a general CPW discontinuity structure shown
in Fig. 7(a). To facilitate the analysis, the discontinuity is
assumed to be connected to two ports of uniform CPW’s which
are of lengths and , respectively. As the length becomes
large, the electric potential distribution at the two
truncated ends will tend to be proportional to that of infinitely
extending uniform CPW’s, (i.e., and ). Let the
voltages imposed on the two CPW’s beand , the electric
potential on the slot apertures will satisfy the variational
equation

(7)

subject to the boundary conditions that equals
and at the two truncated ends.

According to the equivalent circuit shown in Fig. 7(b), the
stored electric energy in (7) can be written as

(8)

where is the per-unit length capacitance of the
th CPW and is included to model the contribution due

to the truncated end where the sourceapplies. To eliminate
the undesired , two auxiliary structures shown in Fig. 7(c)
are considered. Each structure consists of a uniform CPW with
finite length ( ). Applying (7) to the two auxiliary
structures can solve the electric potential distribution and yield
the stored electric energy

(9)

Subtracting (9) from (8) de-embeds the two CPW sections
and gives a realization of the desired equivalent capacitances,
i.e.,

(10)

If the imposed voltages ( , ) are chosen as (1,0), (0,1), and
(1,1), the obtained values from (7) will be

and , respectively. The desired equivalent
capacitances , , and can thus be obtained.

The above procedure can be applied to deal with more
general discontinuity structures with multiple ports. For a
discontinuity structure with ports, there are
equivalent capacitances . They can be
solved from realizations by choosing
independent combinations of the imposed voltages.

Fig. 8. Calculated equivalent capacitances of symmetric step change divided
by total linewidthd versuss2=d with t as a parameter.

Fig. 9. MeasuredS-parameters are compared with the simulation results for
the double step-change.

Fig. 8 shows the equivalent capacitance of a symmetric step
change in width versus with as a parameter. The present
structure is a two-port capacitance system and the equivalent

circuit is applied. Here, the two ports must have the same
voltage such that the shunt capacitance is given by

. For typical MMIC configurations with the
total linewidth in the order of 100 m, the shunt capacitance
is about several fF. The shunt capacitance tends to zero as
tends to .

Fig. 9 shows the measured-parameters for the double-
step change. The capital lettersand denote the reference
planes at which the measurement is performed. The measure-
ment is performed on a Cascade Microtech probe station using
an HP8510 network analyzer based on the thru-reflection-line
(TRL) calibration technique. The authors chose mm
so that the resonance frequency for the minimum reflection
coefficiency is about 20 GHz. The dotted lines also shown in
the figure are the results simulated by the EEsof1 package. In
the simulation, the step change is modeled by a symmetric
lumped -model which includes series inductance [13] and
shunt capacitance obtained by the present approach. The CPW

1EEsof is a trademark of Hewlett Packard software.
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(a) (b)

(c)

Fig. 10. (a) Complicated edge coupled stub structure in conventional CPW configuration, (b) its equivalent circuit model, and (c) calculated equivalent
capacitances divided by the total linewidthd1 versus the strip widths2 with s1, w1, andw2 as parameters.

section is modeled by a transmission line with attenuation
constant being about 0.2196 dB/mm at 20 GHz, which is
extracted from the measured data in the TRL calibration. It
is found that the simulation results can predict the frequency
response satisfactorily.

The same approach can be employed to deal with other
more complicated CPW discontinuities. For example, consider
a complicated edge-coupled stub shown in Fig. 10(a). The
structure is useful in the filter application [14]. The equivalent
circuit of discontinuity can be constructed as Fig. 10(b),
which includes three equivalent capacitances. Fig. 10(c) shows
the calculated results versus the parameterswith as a
parameter but with total linewidth of the structure

fixed. Due to the choice of reference planes,
is comparable to since it includes the contributions from
both the discontinuity and a transmission-line section of length
. On the contrary, is far smaller than and could be

omitted in the circuit design. The quasi-static circuit model
has been applied in the design and simulation of a ribbon-of-
brick-wall (RBW) filter and the results are in good agreement
with the measured data [14].

VI. CONCLUSION

In this paper, variational equations for the 2-D and 3-D
capacitances for the CPW’s with finite metallization thickness
are employed and subsequently solved by applying the hybrid

FEM. In case of small metallization thickness, the equations
can be reduced to the perturbation formula, which is much
more numerically efficient. From the comparison with the
results by the FEM, it is found that the error due to the
perturbational analysis lies below 1.5% for typical MMIC
structures with thickness-to-linewidth ratio . The
perturbation formula is then extended to deal with more
complicated CPW discontinuity problems. Numerical results
for the equivalent capacitances of various discontinuities have
been presented and compared with measured data. The ob-
tained equivalent circuit based on the quasi-static analysis is
applicable up to millimeter-wave frequency range for practical
CPW discontinuity structures in MMIC’s.
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